The QCD axion is the leading solution to the strong-CP problem, a dark matter candidate, and a possible result of string theory compactifications. However, for axions produced before inflation, symmetry-breaking scales of f a 10 12 GeV (which are favored in string-theoretic axion models)
I. INTRODUCTION
The axion lies at the intersection of particle physics, cosmology and string theory, potentially playing a crucial role in each. If it exists, the axion solves the strong-CP problem of quantum chromodynamics (QCD), fits easily into a string theoretic framework, and appears cosmologically as a form of cold dark matter. However, the axion scenario faces a challenge as astrophysical and cosmological observations place increasingly tight constraints on axion and inflationary parameters.
The axion solution to the strong-CP problem [1, 2] involves the introduction of a new global U(1) symmetry in the early universe, known as the Peccei-Quinn (PQ) symmetry [3] , which is broken at the symmetry-breaking scale f a . The resulting pseudo-Nambu-Goldstone boson is the axion [4, 5] . Through the effects of instantons, the axion field's potential develops a minimum at the CP-conserving point, thus naturally explaining the lack of observed CP violation in the strong interactions.
The current constraints on the axion allow two problematic scenarios. (1) The low-f a axion, with f a 10
12 GeV, produced after cosmological inflation, exists in a narrow parameter space difficult to achieve in a string theory model and requires tuning of the underlying unified theory to avoid production of cosmologically catastrophic domain walls. ( 2) The high-f a axion, with f a 10 12 GeV, produced prior to inflation, exists at f a scales more easily accessible to string theory models but requires very careful tuning of the inflationary Hubble scale H I and the axion's initial condition θ 0 to evade cosmological constraints. While some models have been designed to produce string-theoretic axions with f a ∼ 10 12 GeV [e.g., 6 ], generic string theory models produce axions with f a ∼ 10 16 GeV, near the string scale [7] . Some have suggested that in this case, tuning of θ 0 may come naturally from anthropic considerations [8, 9, 10, 11, 12] .
Previous works considering a high-f a axion have addressed the relationship between H I and cosmological constraints on axions. In [13] , it was pointed out that if H I 10 13 GeV, which corresponds to an inflationary energy scale E I 10 16 GeV, primordial gravitational waves would be produced at a magnitude that would be detectable by the Planck satellite through its measurement of the cosmic microwave background (CMB) tensor-scalar ratio r [14, 15] . Such high values of H I would also result in large inflationary fluctuations to the axion's misalignment angle, so even for very small values of θ 0 , the axion field would over-produce isocurvature fluctuations in the CMB. The conclusion of [13] was that a detection of inflationary gravitational waves by Planck would confirm a high H I and therefore rule out a high-f a (string-theoretic) QCD axion.
A recent paper by Hertzberg, Tegmark and Wilczek [8] approached this issue in a converse way, stating that the assumption of the existence of a high-f a axion predicts a low H I and therefore the non-detection of inflationary gravitational waves. They argue that anthropic selection on the string landscape supports both the existence of a high-f a axion at a nonnegligible abundance and the very low θ 0 required to evade cosmological constraints.
In a companion paper [16] , we have looked at this issue as applied to multiple stringtheoretic axion-like fields. We pointed out that string theory models that include a QCD axion (generally, a high-f a axion) can also be expected to produce other axion-like fields at similar masses, and the cumulative impact of additional axion-like fields overproduces dark matter and/or isocurvature modes unless the axion model and H I are extremely fine-tuned.
In this paper, we argue that the high-f a axion scenario is too problematic to be considered an appealing solution, whether or not (a) inflationary gravitational waves are detected by near-term satellite missions, (b) anthropic selection determines the density of dark matter, or (c) the QCD axion arises out of string theory. We show that since both θ 0 and the inflationary Hubble scale must be restricted to extremely low values for the axion to evade cosmological constraints, a viable axion model requires incredibly careful fine tuning. The axion's tuning problem is so extreme that it rivals or exceeds that of the strong-CP problem that the axion was originally invented to solve. Anthropic selection arguments do not alleviate this tuning problem: the most stringent constraints on the axion come not from the (possibly anthropic) dark matter density, but from cosmological observables whose values are not anthropically selected. While the tuning problem in QCD that inspired the axion's proposal was troubling enough to require revision of that otherwise very successful theory, a tuning problem of equal or worse magnitude in the axion itself -a hypothetical particle for which there is no compelling observational evidence -could negate the axion's purpose completely.
To quantify the level of fine tuning required for an axion model to evade cosmological constraints, we use a figure of merit [16] defined as the product of the inflationary slow-roll parameter ǫ and the axion misalignment angle, θ 0 , which measures the angular distance of the field from the CP-conserving θ = 0 point at the onset of oscillation. The paper is organized as follows. In §II, we discuss the production of the high-f a QCD axion and the origin of its cosmological constraints. In §III we discuss the high degree of fine tuning required for high-f a QCD axion models to remain consistent with inflationary cosmology and cosmological constraints. In §IV, we show how Bayesian model comparison disfavors the high-f a axion model in the context of inflation. In §V, we explain how anthropic arguments have been used to justify the choice of initial conditions for the axion field, and in §VI we show that anthropic selection arguments are insufficient to excuse the degree of fine tuning required for the axion to evade cosmological constraints. We then discuss the implications of these results in §VII.
II. COSMOLOGICAL CONSTRAINTS
The major cosmological constraints on axions come from the measured density of dark matter and from the ratio of isocurvature to adiabatic fluctuations in the CMB. We briefly review here the connection between axion properties and observables; for a more complete description of the origin of these constraints, we refer the reader to, e.g., [8, 13] .
Axion particles are produced by the oscillation of a scalar field in a cosine-like potential after the breaking of a U(1) symmetry known as the PQ symmetry to an N-fold degenerate vacuum [3] . The shape of the axion potential is a function of the field value a ≡ f a θ:
The amplitude and duration of the oscillations determines the number of axion particles produced, and thus the axion contribution to the dark matter density. After inflation, the field is uniform within the horizon volume at an angular position θ 0 , known as the misalignment angle, and oscillates about the minimum at θ = 0. The oscillation is overdamped by 
When the axion field oscillates, the resulting axion particles form a cold Bose-Einstein condensate with a number density
where m a = m a (0) and ζ(T ) ≡ m a (T )/m a accounts for the temperature dependence of the axion mass [13] . We can convert this number density to a temperature-independent quantity, the ratio ξ a of the axion energy per photon (in energy units), defined by [8] 
where ρ a is the axion density, n γ is the photon number density and s is the entropy density.
In terms of the axion parameters, this becomes
The function G accounts for the two cases of axion mass temperature dependence:
Recently, new calculations of the temperature dependence of the axion mass have been published [17] that slightly modify this function, but the change is not significant for our purpose. In order to set a constraint on the axion parameters based on the dark matter density, we compare ξ a to the ratio of the dark matter energy per photon, ξ CDM ≈ 2.9 eV.
Fluctuations in the axion field during inflation produce isocurvature-type perturbations that can be observed in the CMB. Limits on the fraction of CMB perturbations that are isocurvature can therefore place constraints on an axion field existing during inflation [13, 18] .
To test against this limit, we calculate the ratio of the average power in the isocurvature component to the average total power in CMB temperature fluctuations:
Current constraints from CMB observations limit α a < 0.072 [19] . In terms of axion parameters, the ratio is
where ξ m = 3.5 eV is the matter density per photon and (δT /T )
Note that in the case of isocurvature modes, the dependence on H I (via σ θ ) and the axion symmetry breaking scale f a are much stronger than in the case of dark matter density.
The strong dependence on σ θ leads to the isocurvature constraint primarily ruling out high values of H I . The behavior of the dark matter density constraint depends primarily upon the relationship between θ 0 and σ θ . When θ 0 << σ θ , the oscillation of the field is dominated by inflationary fluctuations and the density constraint provides a limit on H I . When θ 0 >> σ θ , however, the constraint mainly rules out high values of f a .
In Figure 1 , we show how the density constraint and the isocurvature constraint change as θ 0 is increased from 10 −10 to 1. The parameter space we plot is (H I , f a ). For four values of θ 0 , we plot the density constraint (blue, with horizontal hatching) over the isocurvature constraint (red, unhatched). The low-f a axion regime is the grey diagonally hatched region in the lower right corner of each plot; we do not consider the low-f a regime in this work.
Regions that remain white are allowed within the cosmological constraints for the stated value of θ 0 . From these plots, we see that at the lowest values of θ 0 [panels (a) and (b)], both constraints primarily limit H I , but the isocurvature constraint is much more restrictive. As Log 10 (H I /GeV) 
III. FINE-TUNING OF AXION AND INFLATIONARY PARAMETERS
The production of high-f a axions and of the resulting isocurvature modes depends on the PQ symmetry-breaking scale f a , the axion field's misalignment angle θ 0 , and the Hubble scale at inflation, H I . The symmetry-breaking scale might eventually be predicted from a string theory model; in the most generic string theoretic axion production models, f a is close to the string scale, around 10 16 GeV. For these models to be viable, θ 0 must be small in order to avoid constraints from the observed dark matter density and/or the CMB isocurvature fraction. This angle is randomly selected by the field before inflation and is uniform throughout our horizon. Therefore, we can classify any model with a small value of θ 0 to be tuned to a degree proportional to the smallness of θ 0 .
The Hubble scale during inflation can also be considered a parameter of a high-f a axion scenario, since it determines the magnitude of inflationary perturbations (σ θ , defined in §II)
to θ 0 . Even in a case in which θ 0 = 0 exactly, axions will still be produced due to the displacement of the field from the θ = 0 point by inflationary fluctuations.
For simple, single-field inflation, there is a relationship between H I and the slow-roll parameter ǫ, which measures the flatness of the inflationary potential and is defined by
This parameter is related to the inflationary equation of state w through ǫ = (1 + w) << 1 (i.e., the Universe in an almost exactly deSitter state). For these models, the inflationary potential is flatter than necessary to sustain 60 e-folds of inflation and solve the horizon problem, and can therefore be considered fine-tuned. Therefore, the level of tuning is quantifiable by the smallness of the slow-roll parameter ǫ.
In §I, we briefly described our fine-tuning figure of merit,
which quantitatively accounts for the total tuning of a high-f a axion model. In Figure 2 , we show contours of the F values required in each part of the parameter space (H I , f a ) to evade existing cosmological constraints. As in Figure 1 , the diagonally hatched region in the lower right is the low-f a axion regime which we do not address here. The blue horizontally hatched region labelled "overdense" is the part of the parameter space ruled out by the dark matter density for any value of θ 0 , and the red region labelled "ruled out for all θ 0 (isocurvature)" is the region for which isocurvature constraints rule out axion models with any value of θ 0 . The white region in the lower left is unconstrained for values of θ 0 ∼ 1; in that region, the value of F is determined by the slow-roll parameter ǫ, which can be read off the top horizontal axis. For the region plotted, the largest (least-tuned) value of F that can be achieved is 10 −11 , which we note is comparable to the order of magnitude of the strong-CP problem the axion was invented to solve. 
IV. BAYESIAN MODEL COMPARISON
Another way to look at the tuning of the high-f a QCD axion model is to perform a Bayesian model comparison between a model in which axions exist and a model in which they do not. The posterior probability of a model M i is given by
where D is the data. If the probability of an observation, given a physical model M i , is known, this provides the probability P (D|M i ). P (D) is the unconditional marginal likelihood of the data; it can be expressed as an integral over all models, P (D|M
For two models, M 0 and M 1 , the Bayes factor B is then defined as the ratio of the posterior In a companion paper [16] , we have calculated the Bayes factors for scenarios in which axions, inflation, or string theory (which produces additional axion-like fields) are excluded from the model, and we have found that, given the cosmological observations, models that combine all three elements are exponentially less favored than models for which one or more is excluded. In particular, we found that a comparison between (a) a model with a high-f a QCD axion in the context of inflation and string theory (which suggests f a ∼ 10 16 GeV), and (b), an otherwise identical model with no QCD axion (and an unsolved strong-CP problem), the Bayes factor was
Here, P (no axion)/P (axion) ≈ 10 −10 accounts for the lack of a solution to the strong-CP problem in a model with no axions, and we have assumed for this example that there are no additional axion-like fields from string theory present. This shows that a high-f a QCD axion is strongly disfavored even if no other axion-like fields are produced, and when the axion model is given the maximal theoretical prior weighting through the assumption that no other solution to the strong-CP problem can be found.
If it is taken as a given that a high-f a QCD axion exists, however, and instead we compare models with and without inflation, we see that generic inflationary models are exponentially disfavored. Comparing a model with a generic form of inflation to one in which we have an alternative to inflation in which the axion is never excited from its minimum (e.g., the cyclic model [22] ), the Bayes factor is
where the ratio P (no infl)/P (infl) quantifies any theoretical priors that would favor or disfavor an inflationary solution compared with an alternative, and again we have assumed no additional fields. We see that unless inflation is considered to be exponentially more plausible than an alternative model, when high-f a axions are assumed, the limit on the isocurvature mode extremely strongly disfavors standard inflation, whether or not additional string-theoretic axion-like fields are produced.
Our conclusion based on the Bayesian model comparison is that the fine tuning of the models required to make a high-f a QCD axion viable in the context of inflationary cosmology is so extreme as to challenge the compatibility of the two paradigms. This conclusion is similar to that reached in [16] , but in this case we do not base our assumptions on whether the QCD axion arises from string theory. However, if we take into account the expectation that string-theoretic axions would have f a values in the vicinity of 10 16 GeV (the string scale), a challenge to high-f a axions is by extension a challenge to any axions arising from string theory.
In the next section, we will discuss how anthropic arguments have been used in an attempt explain the tuning of the axion misalignment angle required to evade cosmological constraints. The subsequent section discusses why anthropic arguments are ultimately insufficient to explain the tunings and do not alleviate the problem of reconciling axions with inflation.
V. ANTHROPIC EXPLANATION FOR INITIAL CONDITIONS
For high-f a axions, the fact that inflation makes θ 0 uniform within a horizon volume allows for the possibility that in our horizon, θ 0 may be much smaller than the global average. A very small θ 0 would allow the axion to solve the strong-CP problem without producing dark matter at a higher density than observed. This situation could come about either through a fortuitous accident of nature or through anthropic selection, if it is true that a high dark matter density hinders the development of observers such as ourselves.
In recent years, there has been a great deal of work focused on the latter scenario [e.g., 8, 9, 10, 11, 12, 20, 23] . According to these recent works, axions are ideal candidates for the application of anthropic selection because they represent a species in which the prior probability distribution f prior (θ 0 ) for the relevant parameter (θ 0 ) is well understood and the selection function on the landscape f selec (θ 0 ) can be found based on calculations of the habitability of regions with different axionic dark matter densities. The total anthropic probability distribution of the parameter θ 0 is then the product of these two distributions,
. For the axion, the prior probability distribution for θ 0 is known to be uniform within the range [0, π]. A selection function for the dark matter density, and by extension θ 0 , has been calculated numerically in [10] and also discussed in [12] and [8] . In essence, the argument is that a high dark matter density would result in overly dense galaxies, which would lead to an increase in the number of close stellar encounters experienced by a solar system. These close encounters would render a solar system unstable; therefore life is less likely to evolve in regions of the string-theory landscape with high dark matter density (but see [24] ). To obtain their selection function, Tegmark et al. [10] first estimate the minimum and maximum densities of galaxy halos in which observers can form. They convert this to a distribution of the fraction of protons in halos of different densities in terms of the density of dark energy, dark matter, and baryons, and the amplitude of scalar inflationary fluctuations. They then marginalize this distribution over the dark energy density to obtain a probability distribution of the axion dark matter density. This distribution is peaked at a value a factor of about 3 greater than the observed dark matter density, with a 95%
confidence interval containing values from about 2/3 to 100 times the observed dark matter density.
If such a selection function is used, the total probability distribution, taking into account the theoretical prior and the anthropic selection function, does not favor all values of θ 0 equally. Instead, the selection function skews the distribution in the direction of low θ 0 values. It is argued that the necessity for a low θ 0 value to evade the dark matter density constraint should not be considered an arbitrary tuning of the model but rather a natural environmental effect, supported on the basis that we exist to observe the dark matter density at all [10] .
VI. SCOPE OF THE ANTHROPIC EXPLANATION
As mentioned above, the axion is often held up as an "instructive example" in which both the prior probability distribution and the selection effect can be taken into account and unambiguous predictions can be made [10] . We have found, however, that while the selection effects hinge on the consequences of the overproduction of dark matter, the limits on the axion's properties are dominated by the nonanthropic CMB isocurvature fraction in much of the parameter space of interest. Except in cases of very low-energy inflation (low H I values), the tuning of θ 0 required to prevent the CMB isocurvature mode fraction from being larger than that observed is orders of magnitude greater than the tuning required to prevent the overproduction of dark matter. If anthropic selection cannot account for the tuning, this tuning must be considered a challenge to the physical model.
An anthropic argument is considered compelling if the following criteria are met. (1) The anthropic selection function (the probability for observers to develop at different values of the parameter in question) must be convincingly presented. (2) The observed value must lie at a high-probability point in the selection function distribution. However, both these criteria are problematic. Criterion (1) requires possibly arbitrary assumptions about the definition of "observer" and marginalization over other parameters in the parameter space which might also affect the probability for the development of life. Criterion (2) is difficult to evaluate, because it is unclear how a model might be disproved based on the distance of a parameter's value from the point of maximum probability on the landscape. It has also been suggested [25, 26] that an anthropic explanation should be considered compelling if the observed parameter lies near the "anthropic boundary;" i.e., the observed value should not be tuned substantially beyond what anthropic selection requires. Hall & Nomura [26] describe an observation of a parameter near the anthropic boundary as evidence in favor of environmental selection.
In Figure 3 , we show the (H I , f a ) parameter space divided into "anthropic" and "nonanthropic" regions. In the horizontally hatched region, the tuning of θ 0 required to evade the CMB isocurvature constraint is orders of magnitude more extreme than that required to avoid producing axionic dark matter at densities above the observed value. We label this region "non-anthropic" to reflect the fact that anthropic selection, which relies on keeping the dark matter density within a range of livable values [10] , does not support the level of tuning needed to evade the observed constraint on the CMB isocurvature fraction. Models in this region are not near the anthropic boundary [25, 26] . In the unhatched region, the constraints on θ 0 from the dark matter density are stronger than those from CMB isocurvature modes. We label this region "anthropic" because an argument for a low θ 0 based purely on avoiding the overproduction of dark matter is applicable there. Note, however, that admitting an anthropic explanation over this region is still a charitable assumption, as the selection function does not strictly prohibit dark matter at levels higher than observed, and in fact allows a range that includes densities well in excess of the current constraint. A fair comparison of the "anthropic" and "non-anthropic" regions must also take into account the necessary fine tuning of H I required in each part of the parameter space. Figure   3 shows that the "anthropic" region appears only at values of H I 10 10 GeV; i.e., only in highly tuned inflation models (ǫ 10 −10 ).
We saw in Figure 2 that before considering anthropic arguments, our measure of fine tuning F was at best O(10 −11 ) for a small region of the parameter space considered, and many orders of magnitude worse over the bulk of the region plotted. This indicates that in order to evade cosmological constraints, a successful axion model is forced to reside within a fraction 10 −11 of the possible (θ 0 , ǫ) parameter space.
Now we ask if the application of the anthropic principle to this scenario is sufficient to explain the required tuning. To make a conservative assumption of the tuning in the "anthropic" region after anthropic selection is taken into account, we use the assumption that there is a strong anthropic selection against existing in regions of the Multiverse with values of the dark matter density larger than we presently observe. For a minimal estimate of the tuning in this region, therefore, we can ignore the unnatural smallness of θ 0 and only factor in tuning of the inflationary model. In this case, the necessary level of tuning is F = ǫ, which can be read off the ǫ axis along the top of the plot. We see that for the highest values of f a plotted (f a ∼ m P l ), the tuning required is 10 −10 , comparable to that of the strong-CP problem. For values of f a ∼ 10 16 GeV (near the string scale), ǫ 10 −12 , a tuning about two orders of magnitude worse than the strong-CP problem.
VII. DISCUSSION
We have shown that the fine tuning of axion and inflationary parameters required to accommodate a high-f a QCD axion in the context of a simple inflationary model is at best (in a small part of parameter space) comparable to the tuning that defines the strong-CP problem and much worse over the bulk of the parameter space considered. In §IV, we also
showed that a Bayesian model comparison disfavors the axion solution. In § §V and VI, we examined the possibility that anthropic selection effects could account for the apparent tuning of θ 0 . In order to be considered successful in this context, we require that:
1. Anthropic selection must provide a compelling argument for the smallness of the parameter (θ 0 , via the dark matter density), and, 2. The anthropic observable (dark matter density) must provide a stronger limitation on the parameter than non-anthropic observables (in this case, the CMB isocurvature mode fraction).
Item 2 must be satisfied if we live on the anthropic boundary, which some authors have suggested [25, 26] . We assume for this purpose that Item 1 is satisfied, but we have shown in §VI that Item 2 is not satisfied in general.
In regions of the parameter space for which Item 2 does hold, we re-examine the question of the fine tuning of the model, neglecting the (anthropically selected) smallness of θ 0 . We find that fine tuning of H I is necessary for models in that region to evade cosmological constraints. For f a ∼ m P l , the least-tuned inflationary models compatible with axions and cosmology have ǫ 10 −10 , whereas for values of f a ∼ 10 16 GeV (as predicted in the most generic string theory models), ǫ 10 −12 . This would indicate that the axion solution to the strong-CP problem merely exacerbates the problem by moving it from particle physics to cosmology, all while requiring the assumption of an (as-yet) undetected particle.
We consider this to be a strong challenge to the high-f a axion scenario in the context of inflationary cosmology. Since string-theoretic QCD axions generically appear at high f a scales, this is, by extension, a challenge to the realization of a QCD axion in string theory.
This challenge is made even stronger by the expectation of additional axion-like fields from string theory, as discussed in a companion paper [16] . We suggest that one of the following modifications of the axion scenario is required.
A. One of the components of this scenario -generic models of inflation, string theory (in fact any theory that requires a high f a scale), or axions -must be abandoned.
B. An anthropic argument against CMB isocurvature fractions higher than those observed, or against large inflationary energy scales, must be presented.
Option A might be realized in a number of different ways. If the axion solution to the strong-CP problem is to be preserved, one could abandon the attempt to find a high-f a QCD axion and instead assume a low-f a QCD axion model (with N = 1 to prevent the formation of domain walls), for which a non-generic string-theoretic model could potentially be found (such as has been discussed for warped throats [6] ).
Alternatively, high-f a QCD axions are consistent with early-universe models in which inflation does not strongly excite the axion field. Hybrid inflation, in which inflation is driven by evolution of two scalar fields, can result in very low energy scales of inflation, with H I values as low as ∼ 10 4 GeV [27] . Any inflationary model with H I 10 6 GeV is unconstrained by isocurvature modes for f a m P l , and would require tuning of only θ 0 to evade the dark matter density constraint. In the cyclic model [28] , light fields are not excited and therefore isocurvature modes and an excess of axionic dark matter would not be produced. Failing to detect signatures of primordial gravitational waves with satellite missions such as Planck [13] would lend support to this option.
Finding a new solution to the strong-CP problem that does not involve an axion is another possibility, provided the axion-like fields naturally produced in string theory models do not themselves cause cosmological problems [16] . If anthropic selection arguments can be made against CMB isocurvature modes or high inflationary energy scales (Option B), this could constitute another solution to the cosmological axion problem.
In the meantime, we argue that the scenario we present here -a QCD axion that exists during single-field inflation -does not constitute a consistent model without some degree of modification. As stated in the Introduction, this conclusion holds even if: H I is not high enough for near-term detectors to observe primordial gravitational waves, the dark matter density is indeed an anthropic parameter, and/or string theory is not the origin of the QCD axion.
Fine-tuning problems have long been considered ample motivation for the revision of a theory. In fact, the axion was hypothesized not for any observational or fundamental theoretical reason, but simply to solve a fine-tuning problem in QCD. If a theory's sole motivation is the solution of a fine-tuning problem, but it then produces an even more extreme tuning problem and an unseen particle, it is not a good theory. Unless an alteration of the axion model or early universe theory that does away with the tunings is adopted, the QCD axion should be considered an unhelpful complication of particle physics and an alternative solution to the strong-CP problem should be sought.
VIII. ACKNOWLEDGMENTS
We wish to thank Paul Steinhardt for his comments and suggestions throughout the course of this work. We also thank Viviana Acquaviva, Jacob Bourjaily, Fiona Burnell, Adam Burrows, Phil Chang, Joseph Conlon, Joanna Dunkley, Daniel Grin, Chris Hirata,
